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Abstract 

We study a special sort of 2-dimensional extended Topological Quantum Field Theories 
(TQFTs). These are defined on open-closed cobordisms by which we mean smooth compact 
oriented 2-manifolds with corners that have a particular global structure in order to model 
the smooth topology of open and closed string worldsheets. We show that the category of 
open-closed TQFTs is equivalent to the category of knowledgeable Frobenius algebras. A 
knowledgeable Frobenius algebra {A,C,i,i*) consists of a symmetric Frobenius algebra A, 
a commutative Frobenius algebra C, and an algebra homomorphism t: C ^ A with dual 
I* : j4 — > C, subject to some conditions. This result is achieved by providing a description 
of the category of open-closed cobordisms in terms of generators and the well-known Moore- 
Segal relations. In order to prove the sufficiency of our relations, we provide a normal form 
for such cobordisms which is characterized by topological invariants. Starting from an arbi- 
trary such cobordism, we construct a sequence of moves (generalized handle slides and handle 
cancellations) which transforms the given cobordism into the normal form. Using the gener- 
ators and relations description of the category of open-closed cobordisms, we show that it is 
equivalent to the symmetric monoidal category freely generated by a knowledgeable Frobe- 
nius algebra. Our formalism is then generalized to the context of open-closed cobordisms with 
labeled free boundary components, i.e. to open-closed string worldsheets with D-brane labels 
at their free boundaries. 

Mathematics Subject Classification (2000): 57R56, 57M99, 81T40, 58E05, 19D23, 18D35. 



1 Introduction 

Motivated by open string theory, boundary conformal field theory, and extended topological quan- 
tum field theory, open-closed cobordisms have been a topic of considerable interest to mathemati- 
cians and physicists. By open-closed cobordisms we mean the morphisms of a category 2Cob''''* 
whose objects are compact oriented smooth 1-manifolds, i.e. free unions of circles and unit 
intervals / = [0,1]. The morphisms are certain compact oriented smooth 2-manifolds with cor- 
ners. The corners of such a manifold / are required to coincide with the boundary points dl of 
the intervals. The boundary of / viewed as a topological manifold, minus the corners, consists 
of components that are either 'black' or 'coloured'. Each corner is required to separate a black 
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component from a coloured one. The black part of the boundary coincides with the union of the 
source and the target objects. Two such manifolds with corners are considered equivalent if they 
are related by an orientation preserving diffeomorphism which restricts to the identity on the black 
part of the boundary. An example of such an open-closed cobordism is depicted hercH, 




(1.1) 



where the boundaries at the top and at the bottom of the diagram are the black ones. In Section[31 
we present a formal definition which includes some additional technical properties. Gluing such 
cobordisms along their black boundaries, i.e. putting the building blocks of (|l.ip on top of each 
other, is the composition of morphisms. The free union of manifolds, i.e. putting the building 
blocks of (jl.ip next to each other, provides 2Cob°'^' with the structure of a strict symmetric 
monoidal category. 

Open-closed cobordisms can be seen as a generalization of the conventional 2-dimensional 
cobordism category 2Cob. The objects of this symmetric monoidal category are compact oriented 
smooth 1-manifolds without boundary; the morphisms are compact oriented smooth cobordisms 
between them, modulo orientation-preserving diffcomorphisms that restrict to the identity on the 
boundary. 

The study of open-closed cobordisms plays an important role in conformal field theory if one 
is interested in boundary conditions, and open-closed cobordisms have a natural string theoretic 
interpretation. The intervals in the black boundaries are interpreted as open strings, the circles as 
closed strings, and the open-closed cobordisms as string worldsheets. Here we consider only the 
underlying smooth manifolds, but not any additional conformal or complex structure. Additional 
labels at the coloured boundaries are interpreted as D-branes or boundary conditions on the open 
strings. 

An open-closed Topological Quantum Field Theory (TQFT), which we formally define in Sec- 
tion |4] below, is a symmetric monoidal functor 2Cob°'^' C into a symmetric monoidal category 
C. If C is the category of vector spaces over a fixed field k, then the open-closed TQFT assigns vec- 
tor spaces to the 1-manifolds / and S^, it assigns tensor products to free unions of these manifolds, 
and fc-linear maps to open-closed cobordisms. 

Such an open-closed TQFT can be seen as an extension of the notion of a 2-dimensional 
TQFT [2] which is a symmetric monoidal functor 2Cob C. We refer to this conventional notion 
of 2-dimensional TQFT as a closed TQFT and to the morphisms of 2Cob as closed cobordisms. 
For the classic results on 2-dimensional closed TQFTs, we recommend the original works [3-5] 
and the book [6] . 

The most powerful results on closed TQFTs crucially depend on results from Morse theory. 
Morse theory provides a generators and relations description of the category 2Cob. First, any 
compact cobordism E can be obtained by gluing a finite number of elementary cobordisms along 
their boundaries. In order to see this, one chooses a Morse function /: S IR such that all 
critical points have distinct critical values and considers the pre-iniages f^^{[xQ — e,xo + e]) C S 
of intervals that contain precisely one critical value xq G R. Each such pre-image is the free union 
of one of the elementary cobordisms. 





(1.2) 



^In order to get a feeling for these diagrams, the reader might wish to verify that this cobordism is diffeomorphic 
to the one depicted in Figure 1 of [1]. 
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with zero or more cylinders over S^. The different elementary cobordisms (jl.2p are precisely the 
Morse data that characterize the critical points, and the way they are glued corresponds to the 
handle decomposition associated with /. The Morse data of (|1.2p provide the generators for the 
morphisms of 2Cob. Our diagrams, for example (|l.ip . are organized in such a way that the 
vertical axis of the drawing plane serves as a Morse function, and the cobordisms are composed 
of building blocks that contain at most one critical point. 

Second, given two Morse functions /i , /2 : S — > R, the handle decompositions associated with 
/i and /2 are related by a finite sequence of moves, i.e. handle slides and handle cancellations. 
This means that there are diffeomorphisms such as. 




which provide us with the relations of 2Cob. When we explicitly construct the diffeomorphism 
that relates two handle decompositions of some manifold, we call these diffeomorphisms moves. 
The example ()1.3|) corresponds to a cancellation of a 1-handle and a 2-handlc. Below is an example 
of sliding a 1-handle past another 1-handle. 




Whereas it is not too difficult to construct by brute-force a set of diffeomorphisms ^wV7 
between manifolds such as those in (jl.Sp and (|1.4p . i.e. to show that a set of relations is vy 
necessary, it is much harder to show that they are also sufficient, i.e. that any two handle /q\ 
decompositions are related by a finite sequence of moves such as ()1.3|) and (|1.4p . In order \( 
to establish this result, one strategy is to prove that there exists a normal form for the vy 
morphisms of 2Cob which is characterized by topological invariants, and then to show (p) 
that the relations suffice in order to transform an arbitrary handle decomposition into }\ 
this normal form. The normal form for closed cobordisms is determined by the number of /\,\\ 
incoming and outgoing boundary components together with the genus. The example to 
the right shows the normal form of a closed cobordism with three incoming boundary components, 
four outgoing boundary components, and genus three. For closed cobordisms, the normal form 
and proof of the sufficiency of the relations is done in detail in [4, 6,7]. 

Rather than employing the normal form, one could try to make precise, in the context of 
manifolds with corners, the obvious Morse theoretic ideas that underly the Moore-Segal relations. 
The advantage of the normal form is, however, that it results in a constructive proof which 
delivers all relevant diffeomorphisms in terms of sequences of relations being applied to the relevant 
handlebodies (up to smooth isotopies of the attaching sets). 

In order to describe open-closed cobordisms using generators and relations, one would need a 
generalization of Morse theory for manifolds with corners. Such a generalization of Morse theory 
can be used in order to find the generators of 2Cob°^*, and brute force can be used to establish 
the necessity of certain relations. However, we are not aware of any abstract theorem that would 
guarantee the sufficiency of these relations. 

The first main result of this article is a normal form for open-closed cobordisms with an 
inductive proof that the relations suffice in order to transform any handle decomposition into 
the normal form. As a consequence, for any two diffeomorphic open-closed cobordisms whose 
handle decompositions are given, we explicitly construct a diffeomorphism relating the two by 
constructing the corresponding sequence of moves. 

The description of 2Cob°'*^' in terms of generators and relations has emerged over the last 
couple of years from consistency conditions in boundary conformal field theory, going back to the 
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work of Cardy and Lewellen [8,9], Lazaroiu [10], and Moore and Segal, see, for example [11,12], 
and these results have been known to the experts for some time. More recently, the unoriented 
case has also been considered by Alexeevski and Natanzon [13]. The first result of this article 
which we claim is new, is the normal form and our inductive proof that the relations are sufficient. 

This, in turn, implies the following result in Morse theory for our sort of compact 2-manifolds 
with corners which has so far not been available by other means: The handle decompositions 
associated with any two Morse functions on the same manifold are related by a finite sequence 
of handle slides and handle cancellations. In particular, these include the handle cancellation 
depicted on the right of (|3.4ip below in which a critical point on the coloured boundary 'eats up' 
a critical point of the interior. 

Once a description of 2Cob''''* in terms of generators and relations is available, it is possible 
to find an algebraic characterization for the symmetric monoidal category of open-closed TQFTs. 
Whereas the category of closed TQFTs is equivalent as a symmetric monoidal category to the cat- 
egory of commutative Frobenius algebras [4] , we prove that the category of open-closed TQFTs is 
equivalent as a symmetric monoidal category to the category of knowledgeable Frobenius algebras. 
We define knowledgeable Frobenius algebras in Section [2] precisely for this purpose. A knowledge- 
able Frobenius algebra {A,C,i,i*) consists of a symmetric Frobenius algebra A, a commutative 
Frobenius algebra C, and an algebra homomorphism i: C —> A with dual i* : A —>■ C, subject to 
some conditions. This is the second main result of the present article. The structure that emerges 
is consistent with the results of Moore and Segal [11, 12]. 

The algebraic structures relevant to boundary conformal field theory have been studied by 
Fuchs and Schweigert [14]. In a series of papers, for example [15], Fuchs, Runkel, and Schweigert 
study Frobenius algebra objects in ribbon categories. Topologically, this corresponds to a situation 
in which the surfaces are embedded in some 3-manifold and studied up to ambient isotopy. In 
the present article, in contrast, we consider Frobenius algebra objects in a symmetric monoidal 
category, and our 2-manifolds are considered equivalent as soon as they are diffeomorphic (as 
abstract manifolds) relative to the boundary. 

Various extensions of open-closed topological field theories have also been studied. Baas, 
Cohen, and Ramirez have extended the symmetric monoidal category of open-closed cobordisms 
to a symmetric monoidal 2-category whose 2-morphisms are certain diffeomorphisms of the open- 
closed cobordisms [1]. This work extends the work of Tillmann who defined a symmetric monoidal 
2-category extending the closed cobordism category [16]. She used this 2-category to introduce 
an infinite loop space structure on the plus construction of the stable mapping class group of 
closed cobordisms [17]. Using a similar construction to Tillmann's, Baas, Cohen, and Ramirez 
have defined an infinite loop space structure on the plus construction of the stable mapping class 
group of open-closed cobordisms, showing that infinite loop space structures are a valuable tool 
in studying the mapping class group. 

Another extension of open-closed TQFT comes from open-closed Topological Conformal Field 
Theory (TCFT). It was shown by Costello [18] that the category of open Topological Confor- 
mal Field Theories is homotopy equivalent to the category of certain A^a categories with extra 
structure. Ignoring the conformal structure, or equivalently taking Hq of the Horn spaces in the 
corresponding category, reduces this to the case of Topological Quantum Field Theory. Costello 
associates to a given open TCFT an open-closed TCFT where the homology of the closed states 
is the Hochschild homology of the Aoo category describing the open states. This work is also 
useful for providing generators and relations for the category of open Riemann surfaces and, when 
truncated, this result also agrees with the characterization of open cobordisms and their diffeo- 
morphisms up to isotopy given in [19] where a smaller list of generators and relations is given. 
In the present article, we aim directly for an explicit description of the category of open-closed 
cobordisms. 

The present article is structured as follows: In Section[2l we define the notion of a knowledgeable 
Frobenius algebra and introduce the symmetric monoidal category K-Prob(C) of knowledgeable 
Frobenius algebras in a symmetric monoidal category C. We provide an abstract description in 
terms of generators and relations of this category by defining a category Th(K-Frob), called 
the theory of knowledgeable Frobenius algebras, and by showing that the category of symmetric 



4 



2 KNOWLEDGEABLE FROBENIUS ALGEBRAS 



5 



monoidal functors and monoidal natural transformations Th(K-Prob) ^ C is equivalent as a 
symmetric monoidal category to K-Prob(C). In Section O we introduce the category 2Cob'''^* 
of open-closed cobordisms. We present a normal form for such cobordisms and characterize the 
category in terms of generators and relations. In Section 01 we define open-closed TQFTs as sym- 
metric monoidal functors 2Cob°''' C into some symmetric monoidal category C. We show that 
the category 2Cob°'^* is equivalent as a symmetric monoidal category to Th(K-Prob) which in 
turn implies that the category of open-closed TQFTs in C is equivalent as a symmetric monoidal 
category to the category of knowledgeable Frobenius algebras K-Prob(C). In Section [5l we gen- 
eralize our results to the case of labeled free boundaries. Section [5] contains a summary and an 
outlook on open problems. 



2 Knowledgeable Frobenius algebras 
2.1 Definitions 

In this section, we define the notion of a knowledgeable Frobenius algebra. We consider these 
Frobenius algebras not only in the symmetric monoidal category Vect^ of vector spaces over 
some fixed field fc, but in any generic symmetric monoidal category. Other examples include the 
symmetric monoidal categories of Abelian groups, graded-vector spaces, and chain complexes. 

Definition 2.1. Let (C, 0, 1, a, A, p, t) be a symmetric monoidal category with tensor product 
(g): C X C ^ C, unit object 1 G |C|, associativity constraint ax.,Y,z '■ (X (g) F) (g) Z ^ X (g) (F Z), 
left- and right-unit constraints Xx '■ l^X ^ X and px ■ X (E)l ^ X , and the symmetric braiding 
Tx.Y : X r ^ r (g) X, for objects X, Y,Z oiC (in symbols X, F, Z e \C\). 

1. An algebra object {A, /i, rj) in C consists of an object A and morphisms /i : A ® A ^ A and 
77: 1 ~> A oi C such that: 



(A g) A) g) A ■ 

A(E) A 



(g) (A (g) A) 
idA(8M 
A(g)A 



(2.1) 




and 




(2.2) 



commute. 

2. A coalgebra object {A, A, e) in C consists of an object A and morphisms A : A ^ A(}^ A and 
e: A ^ 1 oi C such that: 




Ai^A 

A®idA 
(A g) A) g) A ■ 



A<^A 

id^igiA 
-4 (A A) 



(2.3) 
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and 




(2.4) 



l<SlA<r 



e0idA 



> A(8) 1 



commute. 



3. A homomorphism of algebras f : A A' between two algebra objects {A, ji, rj) and {A', ji' , ri') 
in C is a morphism / of C such that: 



A®A- 



-^A 



f0f 



A' (g) A' 



and 




(2.5) 



commute. 

4. A homomorphism of coalgebras f : A ^ A' between two coalgebra objects {A,A,s) and 
{A', A',e') in C is a morphism / of C such that: 



A^ A 



-^A'^A' 



and 




(2.6) 



A' 

commute. 

Definition 2.2. Let (C,(8), l,a, X, p,t) be a symmetric monoidal category. 

1. A Frobenius algebra object {A, iJ,,r],A,s) in C consists of an object A and of morphisms fi, 

T], A, £ of C such that: 

(a) {A, /i, rj) is an algebra object in C, 

(b) {A, A, e) is a coalgebra object in C, and 
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(c) the following compatibility condition, called the Frobenius relation, holds, 



A^A 



(A (g) A) (g) A 



id A® A 



A'E){A'S>A) 



A (g) (g) A) 



(2.7) 



(A (g) A) (g) A 



' A^A ' 

2. A Frobenius algebra object {A, fi, r], A, s) in C is called symmetric if: 

eo;Lt = £o/xor. 

It is called commutative if: 

^ — ^ OT. 



(2.8 



(2.9) 



3. Let {A, ji, r], A, e) and {A', ji' , rj' , A', e') be Frobenius algebra objects in C. A homomorphism 
of Frobenius algebras f: A ^ A' is a morphism f of C which is both a homomorphism of 
algebra objects and a homomorphism of coalgebra objects. 

Notice that for any Frobenius algebra object {A, fi, rj, A, e) in C, the object A is always a rigid 
object of C. In Vectfe this means that A is finite-dimensional. 

The unit object 1 e \C\ forms an algebra object (l,Ai,idi) in C with multiplication Ai : l(g)l 
1 and unit idi : 1 ^ 1 as well as a coalgebra object (1, X^^ , idi) defining a commutative Frobenius 
algebra object in C. Given two algebra objects {A, jiA, tJa) and {B, ^BjVb) in C, the tensor product 
{A (g) B, fMAi^B, t]a®b) forms an algebra object in C with. 



iHA A*b) o (^A^A^Bt^B ° (i'^A (8) aA,B,B) » (id^ O {tb,a <S) ids)) 

o{idA® ag]A,B) ° '^A,B,A®B, (2-10) 
(»?^ ^rys) ° (2.11) 



A similar result holds for coalgebra objects and for Frobenius algebra objects in C. Given two homo- 
morphisms of algebra objects /: {A,ij,A,'nA) ^ i^' , I^A' ,ilA') and g: {B,ij,B,r]B) ^ {B' , Hb' ,'nB'), 
their tensor product f ®g: {A® B, iia(^BtVa®b) ^ {A' ® B' , ^ia'^B' iVA'^B') forms a homomor- 
phism of algebra objects. A similar result holds for homomorphisms of coalgebra and homomor- 
phisms of Frobenius algebra objects. 

The following definition plays a central role in the structure of open-closed TQFTs. 

Definition 2.3. Let (C, ®, 1, a, A, p, r) be a symmetric monoidal category. A JaiowJedgeabJe 
Frobenius algebra A = {A, C, i, i*) in C consists of, 

• a symmetric Frobenius algebra A = {A, i^AjVa, A^, ea), 

• a commutative Frobenius algebra C = (C, ncVc, Ac, ec), 

• morphisms i: C ^ A and z* : A — > C of C, 
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such that i: C ^ A is a homomorphism of algebra objects in C and, 

{i® idyl) — fJ-AO TA,A o {i® id^) (knowledge), (2-12) 
£c ° Mc ° (idc ^ **) = Eyi o MA o ® idyl) (duality), (2-13) 

Myi ° ° ^yi = * ° ** (Cardy condition). (2-14) 

Condition (|2.13p says that i* is the morphism dual to i. Together with the fact that i is an 
algebra homomorphism, this implies that i* : A ^ C is a homomorphism of coalgebras in C. 

If C = Vectfc, the condition (|2.12p states that the image of C under i is contained in the 
centre of A, i{C) C Z{A). The name knowledgeable Frobenius algebra is meant to indicate that 
the symmetric Frobenius algebra A knows something about its centre. This is specified precisely 
by C, I and «*. Notice that the centre Z(A) itself cannot be characterizecfl by requiring the 
commutativity of diagrams labeled by objects and morphisms of C. 

It is not difficult to see that every strongly separable algebra A can be equipped with the 
structure of a Frobenius algebra such that {A, Z{A), i, t*) forms a knowledgeable Frobenius algebra 
with the inclusion i: Z(A) — s- A and an appropriately chosen Frobenius algebra structure on Z{A). 
There are also examples {A, C, «,«*) of knowledgeable Frobenius algebras in Vectfe in which C is 
not the centre of A. For more details, we refer to [20]. 

Definition 2.4. A homomorphism of knowledgeable Frobenius algebras 

(p: {A, C, I, I*) ^ {A\ C", i', i'*) (2.15) 

in the symmetric monoidal category C is a pair tp — {ipi, (^2) of Frobenius algebra homomorphisms 
(yji : A ^ A' and (p2- C ^ C such that 



ip2 

C >C' 




and 




(2.16) 



commute. 



Definition 2.5. Let C be a symmetric monoidal category. By K-Frob(C) we denote the category 
of knowledgeable Frobenius algebras in C and their homomorphisms. 

Proposition 2.6. Let C be a symmetric monoidal category. The category K-Prob(C) forms a 
symmetric monoidal category as follows. The tensor product of two knowledgeable Frobenius 
algebra objects A = {A,C,i,i*) and A' = {A' ,C' ,i'*) is defined as A (g) A' := {A ® A' ,C ® 
C , I ® i' , I* (g> i'*). The unit object is given by 1 := (1, 1, idi, idi), and the associativity and unit 
constraints and the symmetric braiding are induced by those of C. Given two homomorphisms 
If = [ipi, 1P2) and ip — ('01, V'2) of knowledgeable Frobenius algebras, their tensor product is defined 
as (/? (g) ■0 := {p^i ®'4'i,P2® V'2)- 



2.2 The category Th(K-Frob) 

In this section, we define the category Th(K-Prob), called the theory of knowledgeable Frobenius 
algebras. The description that follows is designed to make Th(K-Fi'ob) the symmetric monoidal 
category freely generated by a knowledgeable Frobenius algebra, and the terminology 'theory 
of . . .' indicates that knowledgeable Frobenius algebras in any symmetric monoidal category C arise 
precisely as the symmetric monoidal functors Th(K-Fi"ob) C. This is in analogy to the theory 
of algebraic theories in which one uses 'with finite products' rather than 'symmetric monoidal'. 
Readers who are interested in the topology of open-closed cobordisms rather than in the abstract 

*We thank James Dolan and John Baez for pointing this out. 
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description of knowledgeable Frobenius algebras may wish to look briefly at Proposition 12.81 and 
then directly proceed to Section [31 

The subsequent definition follows the construction of the 'free category with group structure' 
given by Laplaza [21]. It forms an example of a symmetric monoidal sketch, a structure slightly 
more general than an operad or a PROP, see for example [22] for the definition of symmetric 
monoidal sketches and a discussion of their freeness properties. 

Definition 2.7. The category Th(K-Prob) is defined as follows. Its objects are the elements of 
the free {1, (X>}- algebra over the two element set {A, C}. These are words of a formal language 
that are defined by the following requirements, 

• The symbols 1, A and C are objects of Th(K-Frob). 

• If X and Y are objects of Th(K-Prob), then {X (g) Y) is an object of Tii(K-Frob). 

We now describe the edges of a graph Q whose vertices are the objects of Tii(K-Prob). There 
are edges, 

fiA - A(g) A ^ A, rjA-- A, Aa - A ^ A(» A, : 1 -> A, 
fic-C(g>C^C, ric-.l^C, Ac:C^C(g)C, ec:l^C, (2.17) 
i:C^A, i*:A^C, 

and for all objects X,Y,Z there are to be edges 

ax,Y,z : {X ®Y) ® Z ^ X ® {Y ® Z), tx,y : X®Y ^Y ®X, 

\x.'^®X^X, px: X®1^ X, (2.18) 

ax.Y^z : X ® {Y ® Z) ^ {X ®Y) ® Z, fxy -.Y ®X ^ X®Y, 

Xx - X ^1®X, px:X-.X®l. (2.19) 

For every edge f : X -^Y and for every object Z, there are to be edges Z ® f : Z ® X Z (E)Y, 
f ® Z : X ® Z ^ Y ® Z . These edges are to be interpreted as words in a formal language and are 
considered distinct if they have distinct names. 

Let H be the category freely generated by the graph Q. We now describe a congruence on the 
category H. We define a relation ^ as follows. We require the relations making {A, pA,VA, Aa, £a) 
a symmetric Frobenius algebra object, those making (C, /ip, rjc, Ac, £c) a commutative Frobenius 
algebra object, those making i: C A an algebra homomorphism as well as (|2.12p . (|2.13p . 
and (|2.14p . The relations making ax.Y,z, Ax, and px satisfy the pentagon and triangle axioms 
of a monoidal category as well as those making tx,y a symmetric braiding, are required for all 
objects X,Y,Z. We also require the following relations for all objects X, Y and morphisms p, q, t, s 
of 

{X®p){X®q)^X®{pq), {p®X){q®X)^ {pq)®X, 
{t(g>Y){X (g> s) {X ® s){t(g)Y), idx (g,Y ^ X (gjidy -^idx ®Y, 

that make ® a functor. Then we require the relations that assert the naturality of a. A, p, r, a. A, p, f 
and that each pair e and e of edges of the graph form the inverses of each other. Finally, we have 
all expansions by ®, i.e. for each relation a ~ 6, we include the relations a ®) X ~ b ® X and 
X (g) a ~ X (g) 6 for all objects X, and all those relations obtained from these by a finite number 
of applications of this process. The category Tii(K-Prob) is the category H modulo the category 
congruence generated by ^. 

It is clear from the description above that Th(K-IiVob) contains a knowledgeable Frobenius 
algebra object {A,C,i,i*) which we call the knowledgeable Frobenius algebra object generat- 
ing Th(K-Prob). Indeed, Tli(K-Frob) is the symmetric monoidal category freely generated 
by a knowledgeable Frobenius algebra. Its basic property is that for any knowledgeable Frobe- 
nius algebra A' = {A' ,C' ,i' in C, there is exactly one strict symmetric monoidal functor 
Fa' : Th(K-Frob) ^ C which maps {A, C, i, i*) to (A', C", i', i'*) and 1 G Tii(K-Prob) to 1 G C. 
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An interesting question to ask is whether or not homomorphisms of knowledgeable Frobenius 
algebras are induced in some way by Th(K-Prob). This question is answered by the following 
proposition. 

Proposition 2.8. Let C be a symmetric monoidal category. The category 

Symm-Mon(Th(K-Frob),C) (2.21) 

of symmetric monoidal functors Th(K-Prob) — > C and their monoidal natural transformations is 
equivalent as a symmetric monoidal category to the category K-Frob(C). 

This proposition is the reason for calling Th(K-Prob) the theory of knowledgeable Frobenius 
algebras. For easier reference, we collect the definitions of symmetric monoidal functors, monoidal 
natural transformations and of Symm-Mon in Appendix \X\ 

Proof. Let {A,C,t,t*) be the knowledgeable Frobenius algebra generating Th(K-Frob), and let 
ip: Th(K-Prob) ^ C be a symmetric monoidal functor. It is clear that the image of {A,C,i,i*) 
under ip, together with the coherence isomorphisms tpo and 'ip2 of tp = (■!/', ^/'2, ■(/'o)j defines a 
knowledgeable Frobenius algebra {ip{A), ilj{C),ip{i), ip{i*)) in C. The symmetric Frobenius algebra 
structure on ipiA) is given by 

^{A) = {^{A), i^ifiA) o ^J2,Hva) o Vo, ^2"' ° ^(Aa), ^0"' ° V^(eA)). (2.22) 
The commutative Frobenius algebra structure on ■(/'(C') is given by 

V'(C) = (V(C), ^Pi^Ic) o iJ2,Hvc) o Vo, ° V'(Ac), V'o"' ° V'(ec)) • (2.23) 
This defines a mapping on objects 

F: Symm-Mon(Th(K-Prob),C) K-Prob(C) (2.24) 

^ (V(A),V^(C),V(^),V'(^*)). 

We now extend F to a functor by defining it on morphisms. 

li ip: ip ^ ip' is SL monoidal natural transformation, then ip assigns to each object X in 
Th(K-Frob) a map ipx ■ ^(A') ''P'iX) in C. However, since every object in Th(K-Prob) is the 
tensor product of A's and C's and I's, the fact that </? is a monoidal natural transformation means 
that the (px are completely determined by two maps cpi : ip{A) ip'{A) and (p2 '■ ip{C) ip'{C). 
The naturality of ip means that the ipi are compatible with the images of all the morphisms in 
Th(K-Frob). Since all of the morphisms in Th(K-Fi'ob) are built up from the generators: 



fiA-A(EiA 



A, 



TlA- 1 

ric: 1 
i:C - 



A, 



^A-.A 
Ac: C 
I*: A- 



> Ac 



'A, 



1 
1 



A, 



(2.25) 



(and the structure maps a, p, A, t), naturality can be expressed by the commutativity of 10 
diagrams involving the 10 generating morphisms of Th(K-Fi"ob). For example, corresponding to 
jiA'- A® A ^ A and 77^ : 1 — > A, we have the two diagrams: 



iI>(pa) 



HA) 



V'(^ ® A) 



->^'(A) 



(2.26) 



^(1) ^ > 1 V''(l) 




(2.27) 
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which amount to saying that ifi is an algebra homomorphism ip{A) ^p'{A). Together with the 
conditions for the generators A a : A ^ A (S) A and ea - A ^ 1, we have that (pi is a Frobenius 
algebra homomorphism from V'(^) to ijj'{A). Similarly, the diagrams corresponding to the gen- 
erators with a C subscript imply that (p2 is a Frobenius algebra homomorphism iJj{C) — > ij/^C). 
The conditions on the images of the generators i: C A and i* : A C produce the requirement 
that the two diagrams: 



i^{C) 



and 



i,{A)—^^'{A) 



^{C) 



V2 



(2.28) 



commute. Hence, the monoidal natural transformation (p defines a morphism of knowledgeable 
Frobenius algebras in C. This assignment clearly preserves the monoidal structure and symmetry 
up to isomorphism. Thus, it is clear that one can define a symmetric monoidal functor F = 
(F,r2,ro): Symm-Mon(Th(K-Prob)) ^ K-Frob(C). 

Conversely, given any knowledgeable Frobenius algebra A' = {A' ,C' ,i' in C, then by the 
remarks preceding this proposition, there is an assignment 



r:K-Prob(C) ^ Symm-Mon(Th(K-Prob), C) 

{A',C\i',r) ^ Fa', 



(2.29) 
(2.30) 



where F^' is the strict symmetric monoidal functor sending the knowledgeable Frobenius alge- 
bra {A,C,i,i*) generating Th(K-Prob) to the knowledgeable Frobenius algebra {A' ,C' ,i' 
in C. Furthermore, it is clear from the discussion above that a homomorphism of knowledge- 
able Frobenius algebras tp: Ai — > A2 defines a monoidal natural transformation ip : F^^ — > -Fa2 ■ 
Thus, it is clear that F extends to a symmetric monoidal functor F = (r,r2,Fo) : K-Prob(C) 
Symm-Mon(Th(K-Prob) , C) . 

To see that F and F define an equivalence of categories, let A' = {A' , C", z', i'*) be a knowledge- 
able Frobenius algebra in C. The composite FF(A') = F(Fa') — A' since Fa' is a strict symmetric 
monoidal functor. Hence, FF = i'iK-Prob(c)' Now let ip: Th(K-Prob) ^ C be a symmetric 
monoidal functor and consider the composite TT{ip). Let A — {^ip(A), ip{pLA) o '02, i'iVA) ° V'Oi ^^2^ ° 
tp{AA),i^Q^ o-0(eyi)) so that FF('i/;) ~ F^. We define a monoidal natural isomorphism -d: V' => 
on the generators as follows: 



di:i>il)^F^il) - 1 
dA-. i^{A) F~^{A) ^ ij{A) 
i9c:MC)-^Fr{C)=MC) 



4'o' 



(2.31) 



The condition that ■& be monoidal implies that i?A(8)A = {4'2^)a^a, 'i^a^c = {i^2^)A®c, '&C0A = 
{ip2^)c0A, and i^c^C = 0^2^)000- Since Th(K-Prob) is generated by 1 ,A, and C, this assign- 
ment uniquely defines a monoidal natural isomorphism. Hence, FF(?/') = ip so that F and F define 
a monoidal equivalence of categories. □ 



3 The category of open-closed cobordisms 

In this section, we define and study the category 2Cob™* of open-closed cobordisms. Open-closed 
cobordisms form a special sort of compact smooth 2-manifolds with corners that have a particular 
global structure. If one decomposes their boundary minus the corners into connected components, 
these components are either black or coloured with elements of some given set 5'. Every corner is 
required to separate a black boundary component from a coloured onqj- 

^In this terminology, black is not considered a colour. 
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These 2-manifolds with corners are viewed as cobordisms between their black boundaries, and 
they can be composed by gluing them along their black boundaries subject to a matching condition 
for the colours of the other boundary components. In the conformal field theory literature, the 
coloured boundary components are referred to as free boundaries and the colours as boundary 
conditions. 

2-manifolds with corners with this sort of global structure form a special case of (2)-manifolds 
according to Janich [23]. For an overview and a very convenient notation, we refer to the intro- 
duction of the article [24] by Laures. 

In the following two subsections, we present all definitions for a generic set of colours S. 
Starting in Subsection 13. 3[ the generators and relations description of 2Cob°'^' is developed only 
for the case of a single colour, S = {*}. We finally return to the case of a generic set of colours S 
in Section [5] 

3.1 (2)-manifolds 

3.1.1 Manifolds with corners 

A fc-dimensional manifold with corners M is a topological manifold with boundary that is equipped 
with a smooth structure with corners. A smooth structure with corners is defined as follows. A 
smooth atlas with corners is a family {(C^q, 'Pa)}„g/ of coordinate systems such that the Ua ^ M 
are open subsets which cover M, and the 

[/„ CR^ (3.1) 
are homeomorphisms onto open subsets of :— [0, oo)'^. The transition functions 

ipi3 O (fi-^ : (fiaiUap) (fipiUaff) (3.2) 

for Ua0 :— UaCiUp ^ $ are required to be the restrictions to of diffeomorphisms between open 
subsets of R'^. Two such atlases are considered equivalent if their union is a smooth atlas with 
corners, and a smooth structure with corners is an equivalence class of such atlases. 

A smooth map f : M ^ N between manifolds with corners M and iV is a continuous map 
for which the following condition holds. Let {{Ua^'^Pa)} ^ei {(^7 V'/s)}^^ j be atlases that 
represent the smooth structures with corners of M and iV, respectively. For every p ^ M and for 
every a £ I, f3 € J with p £ Ua and f{p) e Vg, we require that the map 

V'/3°/°^a'U„([/„n/-i(v,)): ^a(c/an/-i(v>)) ^ V/3(/(f/o)ny^) (3.3) 

is the restriction to R™ of a smooth map between open subsets of R™ and R^ for m and p the 
dimensions of M and N, respectively. 

3.1.2 Manifolds v^fith faces 

For each p G M, we define c{p) G No to be the number of zero coefficients of ipa{p) G 
for some a G I for which p G Ua- A connected face of M is the closure of a component of 
{p G M: c{p) = 1 }. A face is a free union of pairwise disjoint connected faces. This includes the 
possibility that a face can be empty. 

A fc-dimensional manifold with faces M is a fc-dimensional manifold with corners such that 
each p G M is contained in c{p) different connected faces. Notice that every face of M is itself a 
manifold with faces. 

3.1.3 (ri}-manifolds 

A fc-dimensional (n)-manifold M is a fc-dimensional manifold with faces with a specified tuple 
{doM, . . . , dn-iM) of faces of M such that the following two conditions hold. 

1. doM U • • • U dn-iM — dM. Here dM denotes the boundary of M as a topological manifold. 
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2. djM n diM is a face of both djM and deM for all j ^ £. 

Notice that a (O)-nianifold is just a manifold without boundary while a (l)-manifold is a manifold 
with boundary. A diffeomorphism f:M—fN between two (n)-manifolds is a diffcomorphism of 
the underlying manifolds with corners such that f{djM) = djN for all j. 

The following notation is taken from Laures [24] . Let 2 denote the category associated with the 
partially ordered set {0, 1}, < 1, i.e. the category freely generated by the graph — ^ 1. Denote 
by 2" the n-iold Cartesian product of 2 and equip its set of objects {0, 1}" with the corresponding 
partial order. An (n)-diagrain is a functor 2" — > Top. We use the term (n)-diagram of inclusions 
for an (n)-diagram which sends each morphism of 2" to an inclusion, and so on. 

Every (n)-manifold M gives rise to an (n)-diagram M: 2" ^ Top of inclusions as follows. For 
the objects a = (ao, . . . , a„_i) £ |2"|, write a' :— {1 ~ gq, . . . ,1 — a„_i), and denote the standard 
basis of R" by (eo, . . . , e„_i). The functor M : 2" Top is defined on the objects by, 



M{a) 



(3.4) 



a.<ej } 



if a 7^ and by Af((l, 

obvious inclusions. 



, 1)) :— M . The functor sends the morphisms of 2" to the 



For all a e |2"|, the face M{a) of M forms a (£)-manifold itself for which i = Y^^=i '^i- 
orientation of M induces orientations on the M(a) as usual. The product of an (n}-manifold M 
with a (p)-manifold N forms an {n + p)-manifold, denoted by M x N. The structure of its faces 
can be read off from the functor 



M xN: 2"+P 



2" X 2P Top X Top 



Top. 



(3.5) 



The half-line 1R+ := [0, oo) is a 1-dimensional manifold with boundary, i.e. a 1-dimensional (1)- 
manifold. The product of (|3.5p then equips R" with the structure of an n-dimensional (n)- 
manifold. 

The case that is relevant in the following is that of 2-dimensional (2)-manifolds. These are 2- 
dimensional manifolds with faces with a pair of specified faces {doM, diM) such that dgMUdiM = 
dM and OqM D diM is a face of both doM and diM. The following diagram shows the faces of 
one of the typical 2-dimensional (2)-manifolds M that are used below. 




— o 



diM 




doMUdiM 



doMndiM 




(3.6) 



The (2)-diagram M : 2^ — * Top of inclusions is the following commutative square: 



doMndiM 



M(*xido) 



M (ido X *) 



M(*xidi) 



(3.7) 



Another example of a manifold with corners M which is embedded in R'^ is depicted in (jl.ip . It 
has the structure of a 2-dimensional (2)-nianifold when one chooses OqM to be the union of the 
top and bottom boundaries of the picture, similarly to p.6p . 
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3.1.4 Collars 

In order to glue (2)-manifolds along specified faces, we need the following technical results. 
Lemma 3.1 (Lemma 2.1.6 of [24]). Each (n)-manifold M admits an (n)-diagram C of embeddings 

C{a b) : niia') x M(a) ^ R!^(&') x M{b) (3.8) 

such that the restriction C{a — » &)|]R^(6')xM(a) = id]R^(b') x M{a h) is the inclusion map. 

In particular, for every (2)-manifold M, there is a commutative square (7: 2^ — > Top of 

embeddings, 

X {doM n diM) 3^^^ ^ 5g]R2_ X Q^M 



C(*xido) 



c(*xidi) (3.9) 



Si Hi X (9oM > {(0, 0)} X M 

+ ^ C(idix*) "-^ ' 

such that the following restrictions are inclusions, 

C(ido X *)|a„]R2^x(aoMnaiM) = idaoR^ x -^(ido x *), (^-lO) 

C(* X ido)|9,]R^x(aoMnaiM) = ida^RS x M(* x ido), (3.11) 

C(* X idi)|{(o,o)}xaiM = id{(o,o)} X M(* X idi), (3.12) 

C(idi X *)|{(o,o)}xaoM = id{(o,o)} x M(idi x *). (3.13) 

The embedding C(idi x *) : (9iR^ x di^M {(0, 0)} x Ad provides us with a diffcomorphism from 
([0,e] X {0}) X doM C ([0,oo) x {0}) x doM = diWi\ x doM onto a submanifold of {(0,0)} x M 
for some e > 0. It restricts to an inclusion on {(0, 0)} x OqM and thereby yields a (smooth) collar 
neighbourhood for doM. 

3.2 Open-closed cobordisms 

For a topological space M, we denote by Iio{M) the set of its connected components, and for 
p e M, we denote by [p] e no(M) its component. 

3.2.1 Cobordisms 

Definition 3.2. Let S be some set. An S-coloured open-closed cobordism (M, 7) is a compact 
oriented 2-dimensional (2)-manifold M whose distinguished faces we denote by {doM,diM), to- 
gether with a map 7: no(9iM) S. The face doM is called the black boundary, diM the 
coloured boundary, and 7 the colouring. An open-closed cobordism is an S'-coloured open-closed 
cobordism for which 5 is a one-element set. 

Two S'-colourcd open-closed cobordisms {M,"/m) and (N.^/n) arc considered equivalent if 
there is an orientation preserving diffcomorphism of 2-dimensional (2)-manifolds f : M ^ N that 
restricts to the identity on OqM and that preserves the colouring, i.e. Jn ° f = 7m- We denote 
the equivalence of open-closed cobordisms by '=' both in formulas and in diagrams. 

The face dgM is a compact 1-manifold with boundary and therefore diffeomorphic to a free 
union of circles and unit intervals [0,1]. For each of the unit intervals, there is thus an 
orientation preserving diffcomorphism ip: [0, 1] ^{[0, Ij) C OqM onto a component of OqM such 
that the boundary points are mapped to the corners, i.e. i^({0, 1}) C doMCidiM. We say that the 
cobordism (M, 7) equips the unit interval [0, 1] with the colours (7+, 7_) S S x 5 if 7-1- := 7([¥'(1)]) 
and 7- :=7([¥'(0)])- 



14 



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 



15 



3.2.2 Gluing 

Let (M, 7m) and (Nj'jn) be S'-coloured open-closed cobordisms and /: S^* M and g: ^ N 
be orientation preserving diffeomorphisms onto components of OqM and doN, respectively. Here 
we have equipped the circle with a fixed orientation, and denotes the one with opposite 
orientation. Then we obtain an S'-coloured open-closed cobordism M N by gluing M and N 

along as follows. As a topological manifold, it is the pushout. As mentioned in Section [3TT1 
doM and thereby all its components have smooth collar neighbourhoods, and so the standard 
techniques are available to equip M N with the structure of a manifold with corners whose 
smooth structure is unique up to a diffeomorphisni that restricts to the identity on OqM U doN. It 
is obvious that M N also has the structure of a (2}-manifold with di [M ^JJ^ N) = diAIiJdiN 
and, furthermore, that of an S'-coloured open-closed cobordism. 

Similarly, let /: [0,1]* — > M and g: [0,1] — > N be orientation preserving diffeomorphisms 
onto components of d^M and 9oiV, respectively, such that (M, 7a/) equips the interval /([0, 1]*) 
with the colours (7+, 7-) G S and {N,^n) equips the interval g{[0, 1]) precisely with the colours 
(7_,7+). Then we obtain the gluing of AI and N along [0,1] again as the pushout M^JJ^A^ 
equipped with the smooth structure that is unique up to a diffeomorphism which restricts to the 
identity on doM UdoN. It is easy to see that M jYig ^ also has the structure of a (2)-manifold with 
di{M j:Y[gN) = diM U diN and, moreover, due to the matching of colours, that of an S-coloured 
open-closed cobordism. 

3.2.3 The category 2Cob'=''*(S) 

The following definition of the category of open-closed cobordisms is inspired by that of Baas, 
Cohen and Ramirez [1]. What we call 2Cob'^'^'(S) in the following is in fact a skeleton of the 
category of open-closed cobordisms. For this reason, we choose particular embedded manifolds 
Cf{ as the objects of 2Cob'^'*^'(S). Although these are embedded manifolds, our cobordisms are 
not, and we consider two cobordisms equivalent once they are related by an orientation preserving 
diffeomorphism that restricts to the identity on their black boundaries. 

Definition 3.3. Let S be a set. The category 2Cob°''*(S) is defined as follows. Its objects are 
triples (n, 7+,7_) consisting of a finite sequence n :— (ni,...,nfc), k G No, with nj e {0,1}, 
1 < j < k, and maps 7± : {1, . . . , fc} — ^ S U {0} for which -f±{j) ^ % ii Uj — \ and 7±(j) = if 
rij — c|5 We denote the length of such a sequence by |n| :— k. 

Each sequence fi — {ni, . . . ,nk) represents the diffeomorphism type of a compact oriented 
1-dimensional submanifold of R^, 

k 

Cn:=\JlU,nj), (3.14) 

where I{j, 0) is the circle of radius 1/4 centred at {j, 0) G B,^ and 1) = [j - 1/4, j -I- 1/4] x {0}, 
both equipped with the induced orientation. Taking the disjoint union of two such manifolds Ca 
and Cjn is done as follows, 

C*,! C^j := Cf; U T(|^| 0) (CfTi), (3.15) 

where T{x,y) : — > denotes the translation by {x,y) in R^. 

A morphism /: (n, 7_|_,7_) {n' , , "/'_) is a pair / = ([/],$) consisting of an equivalence 
class [/] of S-coloured open-closed cobordisms and a specified orientation preserving diffeomor- 
phism 

QllCs' ^9o/, (3.16) 

such that the following conditions hold: 

®This is done simply because the values -f±{j) are never used if rij = 0, but we nevertheless want to keep the 
indices j in line with those of the sequence n. 
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1. For each j £ {1, . . . , |n|} for which rij — 1, the S'-coloured open-closed cobordism (/, 7) repre- 
senting [/] equips the corresponding unit interval rij)) with the colours (7+(j), 7-(j))- 

2. For each j e {l,...,|n'|} for which n'^ ~ 1, (/, 7) equips the corresponding unit interval 
$(/(j,7i^)) with the colours (7^(j), 7- (j))- 

The composition g o / of two morphisms / = (n, 7+,7_) — > (n',7^,7!_) and g — 

i[g],^g): (n',7V,7-)'-> (^",7^,7-) is defined as g o / := ([5 Uc,, /], *go/). Here [gUc[„ f] 
is the equivalence class of the S'-coloured open-closed cobordism g IJ^^, / which is obtained by 
successively gluing / and g along all the components of Ch'- ^gof- U C'n" — * do{g]J(j^^ /) is 
the obvious orientation preserving diffeomorphism obtained from restricting : CI ]J Cn' dof 
and : Ct, ]} Cn" dog. 

For any object (n, 74-,7_), the cylinder id(f{^^^_) := [0,1] x Cn forms an S'-coloured open- 
closed cobordism such that i9oid(,-j_-y^^-y_) = C*! ]J Cft. It plays the role of the identity morphism. 

The category 2Cob°''' is defined as the category 2Cob''''*(S) for the singleton set S = {*}. 
When we describe the objects of 2Cob'^''*, we can suppress the 7+ and 7_ and simply write the 
sequences n — (ni, . . . , n^.^\). 

Examples of morphisms of 2Cob'"*^' are depicted here, 

(1, 1) ^ (1), (0) ^ (0, 0), : (0) ^ (1). (3.17) 

In these pictures, the source of the cobordism is drawn at the top and the target at the bottom. 
The morphism depicted in (jl.ip goes from (1, 0, 1, 1, 1) to (0, 1, 1, 0, 0). 

The concatenation njjm :— (ni, . . . ,n|H|,r7ii, . . . ,m|^|) of sequences together with the free 
union of S-coloured open-closed cobordisms, also denoted by ]J, provides the category 2Cob'^'^'(S) 
with the structure of a strict symmetric monoidal category. 

Let fc e N. The symmetric group Sk acts on the subset of objects (n, 7+,7_) G |2Cob°''*(S) 
for which |n| = k. This action is defined by, 

cr [> (n,7+,7_) ((n^-i(i), . . . , n^-i(|H|)), 7+ o cr"\7_ oa~'^). (3.18) 

For each object (n,7_(_,7_) G |2Cob'^'^'(S)| and any permutation a E iS|a|, we define a morphism, 

^(",7+ '^-):(n,j+,j,)^at>{n,-f+,j^), (3.19) 

by taking the underlying S-coloured open-closed cobordism of the cylinder id(fj .^^ and replac- 
ing the orientation preserving diffeomorphism 

* : Q II Cn ^ 5oid(s,^^.^_) (3.20) 

by one that has the components of the Cft for the target permuted accordingly. For example, for 
S = {*}, n = (1, 0, 0, 1) and a — (234) G ^4 in cycle notation, we obtain the morphism cr'-"-' that is 
depicted in (|3.87p below. As morphisms of 2Cob'''^'(S), i.e. up to the appropriate diflfeomorphism, 
these cobordisms satisfy, 

^<T>(n,7+,7-) o ^(S,7+,7-) ^ o ^)(n,7+,7-)^ (3 21) 

If the source of cr("'^+ is obvious from the context, we just write a. 
3.2.4 Invariants for open-closed cobordisms 

In order to characterize the S-coloured open-closed cobordisms of 2Cob'"'*(S) topologically, we 
need the following invariants. The terminology is taken from Baas, Cohen, and Ramirez [1]. 
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Definition 3.4. Let S he a set and / = ([/],$) G 2Cob°''*(S')[(n, 7+, 7_), (n', 7^, 7^^)] be a 
morphism of 2Cob'"''(S') from (n, 7+,7_) to {n' 

1. The genus g{f) is defined to be the genus of the topological 2-manifold underlying /. 

2. The window number of / is a map : S — > Nq such that w(/)(s) is the number of compo- 
nents of the face dif that are diffeomorphic to and that are equipped by 7: no(c?i/) — > S 
with the colour s G 5*. In the case S = {*}, we write uj{f ) G Nq instead of uj{f){*). 

3. Let k be the number of coefficients of n]Jn' that are 1, i.e. the number of components 
of the face dof that are diffeomorphic to the unit interval. Number these components 
by 1, . . . , /c. The open boundary permutation {<j{f),jg{f)) of / consists of a permutation 
a{f) G Sk and a map 7a{/) : {1, . . . , fc} — > S". We define a{f) as a product of disjoint cycles 
as follows. Consider every component X of the boundary df of / viewed as a topological 
manifold, for which X n dof fl dif ^ 0. These are precisely the components that contain a 
corner of /. The orientation of / induces an orientation of X and thereby defines a cycle 
(«!,..., ie) where the ij G {1, . . . , A:} are the numbers of the intervals of 9o/ that are contained 
in X. The permutation cr(/) is the product of these cycles for all such components X. 
The map 7a(/) : {1, . . . , A:} S is defined such that the ^-coloured open-closed cobordism 
(/, 7) representing [/] equips the interval with the number j G {1, . . . ,/c} with the colours 
ildij),ld{cr-\j))). 

For example, the morphism depicted in (|l.ip has 6 components of its black boundary diffeo- 
morphic to the unit interval. Its open boundary permutation is cr(/) = (256) (34) G Sq if one 
numbers the intervals in the source (top of the diagram) from left to right by 1, 2, 3, 4 and those 
in the target (bottom of the diagram) from left to right by 5, 6. 

3.3 Generators 

Beginning with this subsection, we restrict ourselves to the case of 2Cob°'^* in which there is 
only one boundary colour, i.e. S = {*}. We use a generalization of Morse theory to manifolds 
with corners in order to decompose each open-closed cobordism into a composition of open-closed 
cobordisms each of which contains precisely one critical point. The components of these form the 
generators for the morphisms of the category 2Cob'^'^*. 

For the generalization of Morse theory to manifolds with corners, we follow Braess [25]. We 
first summarize the key definitions and results. 

We need a notion of tangent space for a point p G dM if M is a manifold with corners. 
Every p G M has a neighbourhood U C M which forms a submanifold of M and for which 
there is a diffeomorphism (p: U ^ v{U) onto an open subset (p{U) C ]R". Using the fact that 
(p{p) G R" C R", we define the tangent space of p in M as TpM :— c?(^p ^(T^(p)R"), i.e. just 
identifying it with that of (p{p) in R" via the isomorphism dip~^ . 

Definition 3.5. Let M be a manifold with corners. 

1. For each p ^ M, we define the inwards pointing tangential cone CpM C TpM as the set of 
all tangent vectors v G TpM for which there exists a smooth path 7: [0,e] M for some 
e > such that 7(0) = p and the one-sided derivative is: 

^hm (7(0 - 7(0))A = V. (3.22) 

2. Let /: M — *■ R be smooth. A point p G M is called a critical point and f{p) G R its critical 
value if the restriction of the derivative dfp : TpM —> IR to the inwards pointing tangential 
cone is not surjective, i.e. if 

dfpiCpM)^-R. (3.23) 

The point p G M is called (-l-)-criticai if dfpiCpM) C R^ and it is called {—)-critical if 
dfp{CpM) C R_ -R+. 
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Note that dfp: TpM ^ R is linear and therefore maps cones to cones, and so d,fp{CpM) is 
either {0}, R+, R_, or R. If p € M is a critical point, then dfp{CpM) is cither {0}, ]R,+ , or R_. 
If p e M\dM, then CpM = TpM, and so p is critical if and only if dfp = 0. If p G dM, c(p) = 1, 
and p is critical, then the restriction of / to dM has vanishing derivative, i.e. d{f\gM)p = 0. 

Definition 3.6. Let M be a manifold with corners and /: M ^ R be a smooth function. 

1. A critical point p G M of / is called non-degenerate if the Hessian of / at p, restricted to 
the kernel of dfp, has full rank, i.e. if 

det HeSSp(/) |ker d/pOker dfp 0. (3.24) 

2. The function / is called a Morse function if all its critical point are non-degenerate. 

Note that if p e M\dM, then the notion of non-degeneracy is as usual. If p e dM, c{p) = 1, 
and p is a non-dcgcncratc critical point, then p is a non-degenerate critical point of the restriction 
f\dM '■ dM ^ R in the usual sense. All non-degenerate critical points are isolated [25]. 

For our open-closed cobordisms, we need a special sort of Morse functions that are compatible 
with the global structure of the cobordisms. 

Definition 3.7. Let M £ 2Cob'"''[n, to] be an open-closed cobordism with source Cfi and target 
C^. Here we have suppressed the diffeomorphisms from C^j onto a component of OqM, etc., and 
we write M for any representative of its equivalence class. A special Morse function for M is a 
Morse function / : M — > R such that the following conditions hold: 

1. /(M)C[0,1]. 

2- f{p) = if and only if p e C^j, and /(p) = 1 if and only if p e C^. 

3. Neither C^j nor C^ contain any critical points. 

4. The critical points of / have pairwise distinct critical values. 

Using the standard techniques, one shows that every open-closed cobordism M G 2Cob'"^* [n, to] 
admits a special Morse function / : M ^ R. Since M is compact and since all non-degenerate 
critical points are isolated, the set of critical points of / is a finite set. If neither a G R nor 
6 G R are critical values of /, the prc-image N := f~^{[a, b]) forms an open-closed cobordism with 
doN = f~^{{a,b}) and diN = diM n A^. If [a,b] does not contain any critical value of /, then 
f~^{[a,b]) is diffeomorphic to the cylinder f~^{{a}) x [0, 1]. 

The following proposition classifies in terms of Morse data the non-degenerate critical points 
that can occur on open-closed cobordisms. 

Proposition 3.8. Let M G 2Cob'''^'[n, to] be a connected open-closed cobordism and / : M ^ R 
a special Morse function such that / has precisely one critical point. Then M is equivalent to one 
of the following open-closed cobordisms: 

MA VA SA I^C Ac VC £C I 

or to one of the compositions 

All these diagrams show open-closed cobordisms embedded in R^ and are drawn in such a way 
that the vertical axis of the drawing plane is — /. The source is at the top, and the target at the 
bottom of the diagram. 
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Proof. We analyze the properties of the non-degenerate critical point p G M case by case. 

1. If p G M\dAI, then the critical point is characterized by its index i{p) (the number of negative 
eigenvalues of HesSp(/)) as usual; see, for example [26]. There exists a neighbourhood U C M 
of p and a coordinate system x: U ^ in which the Morse function has the normal form, 

i{p} 2 

fip)^-J2x'^ip)+ J2 ^» (3-27) 

j=i j=i(p)+i 

for all p G U. 

(a) If the index is i{p) ~ 2, then the Morse function has a maximum at p, and so the 
neighbourhood (and thereby the entire open-closed cobordism) is diffeomorphic to ec 
of (|3.25p . Recall that the vertical coordinate of our diagrams is — / rather than +f. 

(b) If the index is i{p) — 1, then / has a saddle point. If M were a closed cobordism, i.e. 
doM = dM, the usual argument would show that M is cither of the form fic or Ac 
of (j3.25l) . In the open-closed case, however, the saddle can occur in other cases, too, 
depending on how the boundary dM is decomposed into doM and diM. We proceed 
with a case by case analysis and show that in each case, this saddle is equivalent to one 
of the compositions displayed in p.26p : 




(3.28) 



(3.29) 



Here we show the saddle at the left and the equivalent decomposition as a composition 
and tensor product of the cobordisms of ()3.25p with identities on the right. The saddle 
of (|3.28p can appear in two orientations and with the intervals in its source and target in 
any ordering. In any of these cases, it is equivalent to one of the first two compositions 
displayed in (|3.26p . The saddle of l|3.29p can appear flipped upside-down or left-right 
or both, giving rise to the last four compositions displayed in (|3.26p . 
Note that the equivalences of p.28p and (|3.29p relate cobordisms whose number of 
critical points differs by an odd number. This is a new feature that dos not occur in 
the case of closed cobordisms. 

(c) If i{p) — 0, then / has a minimum, and the cobordism is diffeomorphic to rjc of p.25p . 

2. Otherwise, p G diM\doM , i.e. the critical point is on the coloured boundary, but does not 
coincide with a corner of M. Consider the restriction f\diM- diM — > R which then has a 
non-degenerate critical point at p with index i'{p) G {0, 1}. 

(a) If i'{p) = 1, then f\dM has a maximum at p. 

i. If p is a (— )-critical point of /, the cobordism is diffeomorphic to ea of p.25p . 

ii. If p is a (+)-critical point of /, the neighbourhood of p looks as follows, 




(3.30) 
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Consider the component of the boundary dM of M as a topological manifold. The 
set of corners doM fl diAI contains at least two elements. If it contains precisely 
two elements, then the cobordism is diffeomorphic to i* of p.25p . Otherwise, it 
contains six elements, and the cobordism is diffeomorphic to fiA of (|3.25p . 
iii. Otherwise p is neither (+)-critical nor (— )-critical, and so dfp = 0. Non-degeneracy 
now means that HesSp(/) is non-degenerate. Let i"{p) £ {0, 1, 2} be the number of 
negative eigenvalues of HesSp(/). The case i"{p) = is ruled out by the assumption 
that i'{p) = 1. 

A. If i"{p) — 2, then we are in the same situation as in case 2(a)i. 

B. Otherwise i"{p) = 1, and we are in the same situation as in case 2(a)ii. 
(b) If i'{p) = 0, then f\dM has a minimum at p. 

i. If p is a (+)-critical point of /, the cobordism is diffeomorphic to 77^ of (|3.25p . 

ii. If p is a (— )-critical point of /, the neighbourhood of p looks as follows, 




(3.31) 



Similarly to case 2(a)ii above, the cobordism is either diffeomorphic to A a or to i 
of 

iii. Otherwise dfp — 0, and by considering HesSp(/) similarly to case 2(a)iii above, we 
find that we are either in case 2(b)i or 2(b)ii. 

□ 

The structure of arbitrary open-closed cobordisms can then be established by using a special 
Morse function and decomposing the cobordism into a composition of pieces that have precisely 
one critical point each. This result generalizes the conventional handle decomposition to the case 
of our sort of 2-manifolds with corners. 

Proposition 3.9. Let / £ 2Cob™*[n, n'] be any morphism. Then [/] = [/^ o ■ • • o /i], i.e. / is 
equivalent to the composition of a finite number of morphisms fj each of which is of the form 
fj = id,^^. ]J gj ]J idp- where gj is one of the morphisms depicted in (|3.25p and idrffj and idp- are 
identities, i.e. cylinders over their source. 

Our pictures, for example (jl.ip . indicate how the morphisms are composed from the generators. 
In order to keep the height of the diagram small, we have already used relations such as {g JJ ids' ) o 
(idrn U /) = U / for / : n ^ ft' and g: m ^ m' which obviously hold in 2Cob°''*. 

Notice that the flat strip, twisted by 27r when we draw it as embedded in R^^, is nevertheless 
equivalent to the flat strip: 

(3.32) 




3.4 Relations 

Below we provide a list of relations that the generators of 2Cob°'^* satisfy. In Section 13.51 we 
summarize some consequences of these relations. In Section 13.61 we define a normal form for 
open-closed cobordisms with a specified genus, window number and open boundary permutation. 
In Sect ion [3. 71 we then provide an inductive proof which constructs a finite sequence of diffeomor- 
phisms that puts an arbitrary open-closed cobordism into the normal form using only the relations 
given below. Hence, we provide a constructive proof that the relations are sufficient to completely 
describe the category 2Cob™*. 

Proposition 3.10. The following relations hold in the symmetric monoidal category 2Cob'''^': 
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1. The object n — (0), i.e. the circle Cft = S^, forms a commutative Frobenius algebra object. 

(3.33) 

(3.34) 

(3.35) 

(3.36) 



2. The object n — (1), i.e. the interval C.^ — I, forms a symmetric Frobenius algebra object. 

(3.37) 

(3.38) 

(3.39) 

(3.40) 
















3. The 'zipper' □ forms an algebra homomorphism: 



(3.41) 



4. This relation describes the 'knowledge' about the centre, c.f. (|2.12p : 




(3.42) 
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5. The 'cozipper' M is dual to the zipper: 




(3.43) 



6. The Cardy condition: 




(3.44) 



Proof. It can be show in a direct computation that the depicted open-closed cobordisms are 
equivalent. Writing out this proof would be tremendously laborious, but of rather little insight. 
For the Cardy condition (|3.44p . the right hand side is most naturally depicted as: 



(3.45) 



□ 



3.5 Consequences of relations 

In this section, we collect some additional diffeomorphisms that can be constructed from the 
diffeomorphisms in Proposition 13 . 1 Ol To simplify the diagrams, we define: 





(3.46) 



These open-closed cobordisms which we sometimes call the open pairing and open copairing^ 
respectively, satisfy the zig-zag identities: 



(3.47) 



This follows directly from the Frobcnius relations, the left and right unit laws, and the left and 
right counit laws. From Equations (j3.40|l and ()3.37p . the pairing can be shown to be symmetric 
and invariant. 






(3.48) 



and the same holds for the copairing. Similarly, we define the closed pairing and the closed 
cop airing: 



:= 





(3.49) 
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These also satisfy the zig-zag identities, 



and the closed pairing is symmetric and invariant, 






A similar result holds for the closed copairing. 

Proposition 3.11. The following open-closed cobordisms are equivalent: 



-J 



A 



(3.50) 



(3.51) 



(3.52) 

(3.53) 
(3.54) 
(3.55) 



Proof. Equation (|3.52p is just a restatement of the second axiom in Equation (I3.43p . The proof 
of Equation (|3.53p is as follows: 



(EMU 





Nat 




Nat 




(3.56) 



By 'Nat' we have denoted the obvious diffeomorphisms which, algebraically speaking, express the 
naturality of the symmetric braiding. The proof of Equation p.54p is as follows: 




(IX5DD 



■ 






























(1^ 



A 



We leave the proof of Equation (|3.55p as an exercise for the reader. 
Proposition 3.12. The following open-closed cobordisms are equivalent: 






(3.57) 



□ 



(3.58) 
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(3.59) 



(3.60) 




(3.61) 



Proof. The first diffcomorphism in Equation ()3.58|) is constructed from the following sequence of 
diffeomorphisms: 




(13:3311 






(3.62) 



The second diffeomorphism in Equation (j3.58|) is constructed similarly. The diffeomorphism in 
Equation (|3.59p is constructed as follows: 






(3.63) 



The proofs of Equations p.60p and (|3.6ip are identical to those above with the closed cobordisms 
replaced by their open counterparts. □ 



Proposition 3.13. The cozipper M is a homomorphism of coalgebras, i.e. 



and 




(3.64) 



Proposition 3.14. Open-closed cobordisms of the form ^ which we sometimes call closed win- 
dows, can be moved around freely in any closed diagram. By this we mean that the following 
open-closed cobordisms are equivalent, 



(3.65) 
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(3.66) 



(3.67) 



Proposition 3.15. Opcn-closcd cobordisms of the form ^ which wc sometimes call open windows, 
can be moved around freely in any open diagram. More precisely, the following open-closed 
cobordisms are equivalent, 




(3.68) 



(3.69) 



Proposition 3.16. Open-closed cobordisms of the form also called genus-one operators, can 
be moved around freely in any closed diagram. More precisely. 




(3.70) 



(3.71) 



(3.72) 



(3.73) 
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(3.74) 



3.6 The normal form of an open-closed cobordism 

In this section, we describe the normal form of an arbitrary connected open-closed cobordism. 
This normal form is characterized by its genus, window number, and open boundary permutation 
(c.f. Definition [SH]). For non-connected open-closed cobordisms, the normal form has to be taken 
for each component independently. 

3.6.1 The case of open source and closed target 

We begin by describing the normal form of a connected open-closed cobordism whose source 
consists only of intervals and whose target consists only of circles. More precisely, we consider 



those open-closed cobordisms / e 2Cob™ [n, m] for which n : 
and denote the set of all such cobordisms by 2Cob^^Q[n, to]. 



= (1,1,...,!) and TO = (0,0, ...,0) 
Some examples are shown below: 






(3.75) 




Once we have defined the normal form for this class of cobordisms, we describe in Section 13.6.21 
the normal form of an arbitrary connected open-closed cobordism by exploiting the duality on the 
interval and circle, c.f. (|3.47p and (I3.50p . To provide the reader with some intuition about the 
normal form, the cobordisms of (|3.75p are shown in normal form below: 




(3.76) 




Definition 3.18. Let / G 2Cobolc[ n, to] be connected with open boundary permutation (t(/) 
window number oj{f), and genus g{f). Write the open boundary permutation as a product cr(/) = 
(Ti ■ ■ ■ (Tr, r ^ No, of disjoint cycles Oj — {I'p -'^''^ 
form is the composite. 



, iq/) of length qj G N, 1 < j < r. The normal 



NFo^c(/) := E\,^ o Dg(f) o C^^j) o o ([] A{q,)) o a(/), 
of the following open-closed cobordisms. 



(3.77) 
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• For each cycle (Xj, the open-closed cobordism A{qj) consists of qj — 1 flat multiplications and 
then a cozipper, 




(3.78) 



The normal form (j3.77p contains the free union of such a cobordism for each cycle aj, 
^ ^ j 1^ f- Cycles of length one are represented by a single cozipper. If \n\ = 0, then we 
have r = 0, and the free union is to be replaced by the empty set. 

• If r > 1, then the open-closed cobordism Br consists of r — 1 closed multiplications, 




(3.79) 



and otherwise Bq := Q . 

• The open-closed cobordism C^(/) is defined as, 

C^U) ■■^ C'oC'o---oC[ , 

if Lo{f) > 1 and empty otherwise. 

• Similarly, 

Daif) ■.= P'oD'o---oD[ , 

gif) 

if 9{f) ^ 1 E^nd empty otherwise. 

• E\fli\ consists of \rh\ — 1 closed comultiplications. 




(3.82) 



if |m| > 1 and a closed cup Eq := O otherwise. 



• Finally, cr(/) denotes the open-closed cobordism that represents the permutation a{f) (as 
defined in p.l9p ) given in the following. Let t(/) be the open boundary permutation of the 
open-closed cobordism 

r 

E\rn\ O Dg(f) O C^(f) O Br O ([] A{q,)) . (3.83) 




(3.80) 



(3.81) 



27 



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 



28 




Since by construction both r(/) and (t(/) have the same cycle structure, characterized by 
the partition \n\ = X]j=i there exists a permutation cr(/) such that, 

^(/) = (^)"'-r(/)-<f)- (3.84) 

Note that multiplying cr(/) by an element in the centralizer of cr(/) yields the same open- 
closed cobordism NFq— c(/) up to equivalence because of the relations (|3.37|) and p.73p . 
and so NFo^c(/) is well defined. 

When we prove the sufficiency of the relations in Section 13.71 below, we provide an algorithm 
which automatically produces the required cr(/). Figure [1] depicts the structure of the normal 
form up to the o'(/), i.e. it shows a cobordism of the form p.83p . 

Any cobordism in normal form is invariant (up to equivalence) under composition with certain 
permutation morphisms as follows. 

Proposition 3.19. Let [/] e 2Cobo_*l,c[^'™]- Then 

o NFo^c(/)] = [NFo^c(/)] (3.85) 
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for any a G and 

[NFo^c(/) o af] = [NFo^c(/)] (3.86) 

for all cycles aj G iS|fj| from the decomposition of the open boundary permutation a{f) = ai ■ ■ ■ <Tr 
into disjoint cycles. 

Proof. Equation (fSTHS]) follows from (|330l) . and (|33T|) while ([STSe]) follows from (1337]) 

and dniSl). □ 

3.6.2 The case of generic source and target 

We now extend the definition of the normal form of connected cobordisms from 2Cob^_^Q[n, fa] to 
2Cob™*[n, m]. Let / be a representative of the equivalence class [/] of an open closed cobordism 
in 2Cob°'^'[n, to]. Let = (0, 0, . . . , 0) and ni = (1,1,...,1) such that no U is a permutation 
of n, and similarly for m. 

We define a map A: 2Cob''^*[n, to] 2Cob^^(-.[TOi ]Jni,TOoU'^o] as follows: Let ai G S\fi\ 
denote the permutation that sends n to rii ]J no. Let a2 G S\fii\ denote the permutation that sends 
TO to TO*! ]Jtoo. For example, if n = (1, 0, 0, 1), then cti is represented as an open-closed cobordism 
by: 

(3.87) 



CTl = 




For [/] G 2Cob'"*^'[n, m] we define A([/]) to be the open closed cobordism obtained from [/] by 
precomposing with ^, postcomposing with cr2, gluing closed copairings on each circle in no, and 
gluing open pairings on each interval in fhi. For example, let [/] be an arbitrary open closed 
cobordism from (1, 0, 0, 1) to (0, 1, 1, 0), then A([/]) is illustrated below: 



u u u u 








^1 


1 




















[/] 


















b 















(3.88) 



Up to equivalence, this assignment does not depend on the choice of representative in the class 
[/] ; if /' is a different representative then there exists a black boundary preserving diffeomorphism 
from / to /'. Applying this diffeomorphism in the interior of A([/]) shows that A([/']) is equivalent 
to A([/]), 

[A([/])] = [A([/'])]. (3.89) 

A([/]) is connected if and only if / is. 

Given some extra structure, an inverse mapping can be defined. Let g be a representative of a 
diffeomorphism class in 2Cob™_*!^(-;[n', to'] equipped with: 

• a decomposition of its source into a free union fi' = nj ]J n'^ , 

• a decomposition of its target into a free union to' = rh[ ]J rn'^, 

• an element of the symmetric group a'l G iS|f;' i+i^fi' | , and 

• an element of the symmetric group G iS|,-jj|+|,fij| . 



29 



3 THE CATEGORY OF OPEN-CLOSED COBORDISMS 



30 



Note that the image of an [/] G 2Cob°''*[n, m] under the mapping A is equipped with such 
structure. The decompositions are given by distinguishing which intervals and circles came from 
the source and the target. The permutations can be taken to be a[ = cti and a'2 = (J2^ ■ 

We define A^^([g]) to be the open-closed cobordism in 2Cob°'^'[(T2(nt ]J mj), (T^(n^ ]J m^)] 
given by gluing open copairings to the intervals in fi[ and closed pairings to the circles in m'g. 
The result of this gluing is then precomposed with a cobordism representing cr'i and postcomposed 
with a cobordism representing Uj- 

n n n n 



. 1 n n;n n, 

A ': | [g] \ 




(3.90) 



u u u u 



Again, this assignment does not depend on the choice of representative of the class [g\ . One can 
readily verify that this defines a bijection between the equivalence classes of open-closed cobordisms 
in 2Cob°''*[n, m] and those of open-closed cobordisms in 2CobQji^Q[mi U ni, toq U n^] equipped 
with the extra structure described above. One direction of this verification, 

[A-^([A([/])])] = [/], (3.91) 

is depicted schematically below: 

n i1 P 




(3.92) 



In Theorem 13.221 below, we show that for any connected [g\ G 2Cob^^Q[n, m], g is equivalent to 
its normal form, i.e. 

[g] = [NFo^c(5)]- (3.93) 

Applying this result to [g] := A([/]) is the motivation for the definition of the normal form for 
generic connected [/] G 2Coh°^^ [n,m]. 

Definition 3.20. Let [/] G 2Cob'^''*[ri, m] be connected. Then we define its normal form by, 

[NF(/)]:=A-i([NFo^c(A([/]))]), (3.94) 
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which can be depicted as follows 



n n n 

[NF(f}] 

u u u u 




(3.95) 



u u u u 



3.7 Proof of sufficiency of relations 

In this section, we show that any connected open-closed cobordism [/] e 2Coh'^^Q[n,m] can 
be related to its normal form NFo-*c(/) by applying the relations of Proposition 13.101 a finite 
number of times. We know that / is equivalent to an open-closed cobordism of the form stated in 
Proposition 13.91 

For convenience, we designate the following composites, 



- 




(3.96) 



as being distinct generators. This simplifies the proof of the normal form below. We continue to 
use the shorthand (|3.46p and (|3.49p . However, we do not consider these as distinct generators. 

In our diagrams, we denote an arbitrary open-closed cobordism X , whose source is a general 
object fix that contains at least one 1, as follows: 

(3.97) 



X 



Similarly, to denote an arbitrary open-closed cobordism y, whose source is a general object ny 
containing at least one 0, we use the notation: 



Y 



(3.98) 



Finally, for an arbitrary open-closed cobordism Z, whose target m is not glued to any other 
cobordism in the decomposition of S, we use the following notation: 



Z 



(3.99) 



and similarly if the source is not glued to anything. 



Definition 3.21. Let [/] £ 2Cob'^'*^'[n, to] be written in the form of Proposition [3?9l The height 
of a generator in the decomposition of / is the following number defined inductively, ignoring all 
identity morphisms in the decomposition: 







/i( ^ ) = /i( e ) := 



h{^) = h{{0)) 



1 + HY) 
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K^)^Hg) = hi^) = h{(^) = h{ 

K J\ ) = H /\ ) := h{Y) + h{Z) + 1. 



3 )--=i + KY) 



Theorem 3.22. Let [/] e 2Cobg'lc 
equivalent to its normal form, i.e. 



[n, m] be a connected open-closed cobordism. Then / is 
[/] = [NFo^c (./)]. (3.100) 



Proof. We say decomposition for a presentation ol / as a composition of the generators as in 
Proposition 13.91 i.e. for a generalized handle decomposition. We use the term move for the ap- 
plication of a diffeomorphism from Proposition 13.101 we just say diffeomorphism here meaning 
diffeomorphism relative to the black boundary, and we use the term conGguration of a generator 
in a decomposition to refer to the generators immediately pre- and postcomposed to it. 

Employing Proposition 13.91 Ist / be given by any arbitrary decomposition. We construct a 
diffeomorphism from this decomposition to NFo-+c(/) by applying a finite sequence of the moves 
from Proposition 13. 101 This proceeds step by step as follows. 

I) The decomposition of / is equivalent to one without any open cups o or open caps q . 
This is achieved by applying the following moves. 



a) C7 

b) Q 



dsn 



to every instance of the open cup and cap. 

II) The resulting decomposition of / is equivalent to one in which every open comultiplication 
appears in one of the following three configurations: 



(3.101) 



where the '?' may be any open-closed cobordism which may or may not be attached to 
the multiplication at the bottom. We prove this step-by-step by considering every possible 
configuration and providing the moves to reduce the decomposition into one of the above 
mentioned configurations. 






a) The cases and ^/^^^ are excluded by step (jla] 



b) Wherever possible apply the move: 




(E3H1) 




c) We consider all of the remaining possible configurations and provide a list of moves which 
either remove the open comultiplication or reduce its height. Since there are no longer 
any open cups after (|Ia|) and since the target of / is of the form m = (0, . . . , 0), i.e. a free 
union of circles, the open comultiplication is either removed from the diagram or takes 
the form claimed in (jlll before its height is reduced to zero. 
Apply the following moves wherever possible: 
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1) 



2) 



3) 



4) 



5) 




(IMl (13351) 




(13391) 



({338)) 




(|339l) 



({338)) 




and 



(13301) 




(|334)) 




d) Iterate steps (jllbp and (jllcp . Since each iteration either removes the open comultipUcation 
or reduces its height, this process is guaranteed to terminate with every comultipUcation 
in one of the three configurations of (|3.10ip . 

Ill) Now we apply a sequence of moves to the decomposition of / which reduces the number of 
possible configurations that need to be considered. 

a) To begin, we provide a sequence of moves to put every open multiplication in the 
decomposition of / into one of the following configurations: 







(3.102) 

Again, we prove this claim by considering all possible configurations of the open multi- 
plication. 

Apply the following moves which either removes the open multiplication or increases its 
height or attains the desired configuration. 




4) The moves of steps 



All other configurations are excluded by step H) Since none of these steps increases the 
number of generators in the decomposition of /, iterating this process either removes all 
open multiplications or puts them into the configurations in p.l02p as claimed above. 
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b) Now we show that the source of every cozipper ^ can be put into either of the foUowing 
configurations: 



(3.103) 



We establish the above claim by applying the following sequence of moves wherever they 
are possible. 



1) 



2) 




3) The moves of step II(c)3 



All other configurations are excluded by step HI 

c) In this step we show that every instance of the open window ( Q ) can be removed. 
Iterate the following sequence of moves wherever possible. 



1) 



2) The moves of steps III(a)2 and III(b)l 



All other configurations are excluded by step [J Iterating these moves is guaranteed to 
remove all instances of the open window since each iteration either removes the window 
or reduces its height. The height of the open window cannot be zero. 

d) From the sequence of moves applied thus far, it follows that the target of every open 
multiplication is in one of the following configurations: 



1 



(3.104) 



All other possibilities are excluded by steps III(a)l HI and HlIc] 



IV) In this step, we apply a sequence of moves that removes all open comultiplications. After 
stepini we need to consider only three cases. Step lllll has not changed this situation. From 
the set of open comultiplications in the decomposition of /, choose one of minimal height. 

a) The case ^^^f^^^ been excluded by the assumption that the open comultiplication is 
of minimal height. Hence the only remaining configurations to consider are 



(3.105) 





where no other open comultiplication occurs in '?' above. 
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b) By symmetry it suffices to consider one of the remaining configurations, say 



We 



proceed by considering all possible configurations of '?' above. The first generator in 
the decomposition of '?' is determined by step lllldl and the assumption that the open 
comultiplication under consideration is of minimal height. Hence, only two situations are 
possible: 



(3.106) 





1) In the first case, iteratively apply the move 
possible configurations are 







so that the only 



(3.107) 



In the following two steps we remove the open comultiplication from the above two 
situations. 

2) Consider the first case in p.l07p above. The comultiplication is removed by the 
following sequence of moves: 




mm 





mm 




(3.108) 



Nat 






(EH 



(3.109) 



3) Consider now the second case in (|3.107p . In this case the comultiplication is removed 
by the following sequence of moves: 
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c) Step llVbl has changed the cobordism so much that the claims made in steps HIl and IIIII 
need not hold any longer. We therefore reapply the steps Ull and IIIII 

d) Then we iterate the sequence of steps llVbl and lIVcl until all open comultiplications have 
disappeared. This iteration terminates because neither step |lT] nor step IIIII (which are 
invoked in lIVcp increase the number of open comultiplications, but step llVbl always 
decreases this number by one. 

e) When the last open comultiplication has disappeared in step llVdl step lIVcl ensures that 
the claims made in steps [ill and IIIII are satisfied again. 

V) At this stage of the proof, all open caps, open cups and open comultiplications have been 
removed from the decomposition of /. The decomposition has the following further proper- 
ties. 

a) After the step llllal it is clear that any open multiplication has its source in one of the 
following configurations: 




(3.110) 



b) Every instance of the cozipper Q is in the configuration claimed in step llllbl 

c) All instances of (^Q^ have been removed by step IIIIcI 

d) From step lllldl and step IIV| the only possible configurations for the target of an open 
multiplication are 




(3.111) 



VI) Now we remove every instance of the zipper ^ in the decomposition of /. We consider all 
remaining possible configurations involving the zipper and provide the moves to get rid of it. 

a) The following configurations: 




(3.112) 



are excluded by steps HI IIVI llllbl and lllici respectively, 
b) The remaining possibilities are 

(3.113) 

Using step IVdl together with possibly repeated applications of the following moves: 
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wG make sure that all instances of have disappeared. 



VII) The resulting decomposition of / is equivalent to one in which each closed multiplication 
has its source in one of these configurations: 




Since each of the above moves either removes the closed multiplication or increases its height 
while not increasing the number of generators, iterating the above moves is guaranteed to 
terminate with the closed multiplication in one of the specified configurations. 
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VIII) The decomposition of / is equivalent to one in which each closed comultiplication is in one 
of the following two configurations: 



A. 



We consider all possible configurations of closed comultiplications. 
a) The cases: 



(3.115) 





(3.116) 



are excluded by step IVIII 
b) The cases: 



(3.117) 



are excluded by step IVII 
c) To prove the claim, we iterate the following sequences of moves wherever possible: 




This iteration is guaranteed to terminate since each move either decreases the height of 
the closed comultiplication or removes it. 

IX) In the resulting decomposition, each instance of the closed window ^ has above it one of the 



following: 



oi-y^W . There are only two remaining cases to consider. 



a) The cases 



and 



'A are excluded by step VIII(c)3 



b) The claim follows by iterating the moves 



HMZD 
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At this point, the decomposition of / is in the normal form desired. In order to see this, we 
need the claims made in the steps IVllIl IVal IVll IVdl IVIII and the following two results. 

X) If a closed cap o occurs anywhere in the resulting decomposition of /, then the source of 
/ is the object n = 0, and the o has its target in one of the following configurations: 



(3.118) 



This follows since all other possible configurations are excluded by steps lyTTbl and IVTl 

XI) If a closed cup ® occurs anywhere in the resulting decomposition of / then the target of / 
is the object to = 0, and the source of the ® is in one of the following configurations: 



(3.119) 



The remaining cases are excluded by step IVIIIcI 

This concludes the proof. □ 

The main result for arbitrary connected open-closed cobordisms then follows. 

Corollary 3.23. Let [/] e 2Cob°''*[n, to] be connected. Then [/] = [NF(/)]. 

Proof. Using Definition 13. 20i then applying Theorem 13.221 to A(/), and then applying (|3.91[) . we 
find, 

[NF(/)] = [A-i([NFo^c(A([/]))])] = [A-i([A([/])])] ^ [/]. (3.120) 

□ 

Since the normal form is already characterized by the invariants of Definition 13.41 we also 
obtain the following result. 

Corollary 3.24. Let [/], [/'] G 2Cob°'^'[r?, m] be connected such that their genus, window num- 
ber, and open boundary permutation agree, then [/] = [/']. 

4 Open-closed TQFTs 



In this section, we define the notion of open-closed TQFTs. We show that the categories 2Cob'"'* 
and Th(K-Prob) are equivalent as symmetric monoidal categories which implies that the category 
of open-closed TQFTs is equivalent to the category of knowledgeable Frobenius algebras. 

Definition 4.1. Let C be a symmetric monoidal category. An open-closed Topological Quantum 
Field Theory (TQFT) in C is a symmetric monoidal functor 2Cob°''* — > C. A homomorphism of 
open-closed TQFTs is a monoidal natural transformation of such functors. By OC-TQFT(C) := 
Symm-Mon(2Cob°''' , C) , we denote the category of open-closed TQFTs. 

Theorem 4.2. The category 2Cob°'^' is equivalent as a symmetric monoidal category to the 
category Th(K-Prob). 

This theorem states the precise correspondence between topology (Section [3]) and algebra 
(Section [2]) . The second main result of the present article follows from this theorem and from 
Proposition [ 
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Corollary 4.3. Let (C, 0, 1, a, A, p, r) be a symmetric monoidal category. The category K-Prob(C) 
of knowledgeable Frobenius algebras in C is equivalent as a symmetric monoidal category to the 
category OC-TQFT(C). 

These results also guarantee that one can use the generators of Section and the relations 
of Section in order to perform computations in knowledgeable Frobenius algebras. Recall that 
2Cob®''' is a strict monoidal category whereas Th(K-Prob) is weak. When one translates from 
diagrams to algebra, one chooses parentheses for all tensor products and then inserts the structure 
isomorphisms a, X, p as appropriate. The coherence theorem of MacLane guarantees that all ways 
of inserting these isomorphisms yield the same morphisms, and so the morphisms on the algebraic 
side are well defined by their diagrams. 

In particular, we could have presented the second half of Section[3l starting with Subsection l3.5[ 
entirely in the algebraic rather than in the topological language. 

Proof of Theorem \4.2\ Define a mapping S from the objects of 2Cob°'^* to the objects of the 
category Th(K-Prob) by mapping the generators as follows: 

S: i-> 1 (4.1) 
E: Q ^ C (4.2) 
E: — ^ A (4.3) 

and extending to the general object n G 2Cob°''* by mapping n to the tensor product in 
Th(K-Frob) of copies of A and C with all parenthesis to the left. More precisely, if n = 
(ni, n2, ns, • • • , rtfe) with each rii e {0, 1}, then S(n) = (((S(ni) (g) S(n2)) (S) ^(713)) • • • S(nfe)) with 
each S(0) := C and S(l) := A. On the generating morphisms in 2Cob'"^', S is defined as follows: 

g ^ Ic-.C^C (4.4) 

g ^ 1a: A^ A (4.5) 

^ Tcfi -.C^C^C^C (4.6) 

TA^A : A® A^ A® A (4.7) 

^ TA,c ■■ A®C ® A (4.8) 

^ Tc,A ■■ C ® A^ A®C (4.9) 

^ ^ HA-- A® A^ A (4.10) 

Q ^ 7]^: 1 ^ -4 (4.11) 
^ l^A--A-^A®A (4.12) 

„ ^ EA-.A-^l (4.13) 
^ ^ Pc--C®C->C (4.14) 

O ^ r]c:l^C (4.15) 
^ l:^c--C^C®C (4.16) 



e ^ sc-.C^l (4.17) 
g ^ i:C^A (4.18) 

g 7*;.4^C (4.19) 

Without loss of generality we can assume that every general morphism / in 2Cob°'^* is decomposed 
into elementary generators in such a way that each critical point in the decomposition of / has a 
unique critical value. We can then extend 5 to a map on all the morphisms of 2Cob°'^ inductively 
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using the following assignments: 

^ Ha<E)Ia - {A(E}A)(E}A^ A(E)A (4.20) 

^ 1a ® A*A oaA,A,A: (^«'^) 'X'^ ^ ^® ^ (4.21) 

^ ijA ° >^A^ ■■ A ^ A ® A (4.22) 



lA(E)VAop/:A^A(g)A (4.23) 

1a: A A ^ (A (g) A) ® A (4.24) 

"a.a.a oIa(E> Aa: A(E) a {A(E) A) (g) a (4.25) 

Aa oe^ ® U: ^«'-4 A (4.26) 

PA o 1a "XjEA: ^® ^ ^ ^ (4.27) 

Hc®lc- iC(E)C)(g>C ^C(E)C (4.28) 

Ic ° ac,c,c : (C «) C) (g) C ^ C «) C (4.29) 

r/c ® Ic o : C C ® C (4.30) 

lc0rycopc^: C^C®C (4.31) 

Ac^lc: C-^C^ (C(g)C)®C (4.32) 

"c,c,c o Ic ® Ac : C ® C ^ (C ® C) (g) C (4.33) 

Aco£c«'lc: Cg)C->C (4.34) 

PC olc <gec-- C ®C ^ C (4.35) 



o 

o 



This assignment is well defined and extends to all the general morphisms in 2Cob°'' by the coher- 
ence theorem for symmetric monoidal categories, which ensures that there is a unique morphism 
from one object to another composed of associativity constraints and unit constraints. The rela- 
tions in Proposition 13 . 1 01 and the proof that these are all the required relations in 2Cob'''^* imply 
that the image of S is in fact a knowledgeable Frobenius algebra in Th(K-Prob). Hence, S defines 
a functor 2Cob°''* ^ Th(K-Prob). 

Define a natural isomorphism S2 : S(n) (S> S(to) S(n]Jm) for X,Y ^ 2Cob°''* as follows: 
Let n = (rii, n2,n3, . . . ,nk) and m = (mi, TO2, ma, • ■ • , mi) so that 

S(n) = (((S(ni)®S(n2))®S(n3))---S(nfc)), (4.36) 
S(m) = (((S(mi)g)S(m2))g)S(m3))---S(m^)), (4.37) 
S(n]Jm) ^ (((((S(ni)®S(n2))0S(n3))---S(nfc))0S(mi))---(g)S(m^)). (4.38) 

Hence the map 52 : 5(n) g) S(m) ^ S(n]Jm) is composed entirely of composites of the natural 
isomorphism a. By the coherence theorem for monoidal categories, any choice of composites from 
the source to the target is unique. One can easily verify that if Sq •= li, then collection (S, S2, Sq) 
defines a monoidal natural transformation. Furthermore, our choice for the assignment by S of the 
open-closed cobordisms generating 2Cob'^'^*'s symmetry ensures that (S, S2,So) is a symmetric 
monoidal functor. 

Using the assignments from equations (|4.ip - (|4.19p we see that the generating open-closed cobor- 
disms in 2Cob°'^* define a knowledgeable Frobenius algebra structure on the interval and circle. 
Hence, by the remarks preceding Proposition 12.81 we get a strict symmetric monoidal functor 
S: Th(K-Frob) 2Cob''''*. In this case, if X is related to Y in Th(K-Prob) by a sequence of 
associators and unit constraints then X and Y are mapped to the same object in 2Cob°'^'. We 
now show that S and S define an equivalence of categories. 
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Let n be a general object in 2Cob°''*. From the discussion above we have that ^^(n) = ft, 
so that SS(ri) = l2Cob°''*' object of Th(K-Frob) then X is a parenthesized word 

consisting of the symbols 1,A,C,^. Let S(X) = (ni,n2,--- ,n„) where the ordered sequence 
(ni,n2, • • • ,rt„) corresponds to the ordered sequence of A's and C's in X. Hence, HE.{X) is the 
word obtained from X by removing all the symbols 1 and putting all parenthesis to the left. Thus, 
SS(X) is isomorphic to X by a sequence of associators and unit constraints. We have therefore 
established the desired monoidal equivalence of symmetric monoidal categories. □ 

The following special cases are covered by Corollarv l4.3l 

Definition 4.4. Let 2Cob°P™, 2Cob'^'°"'='^ 2Cob, and 2CobP'™" denote the subcategories 
of 2Cob'^'^' consisting only of purely open cobordisms, purely closed cobordisms, and purely 
open cobordisms that can be embedded into the plane. An open (respectively closed, planar 
open) TQFT is a functor from 2Cob°P™ (respectively 2Cob"'°'°'', 2CobP'^"") into a symmetric 
monoidal category C (C need not be symmetric in the planar open context). 

Corollary 4.5. Let C be a symmetric monoidal category. The category of open TQFTs in C is 
equivalent as a symmetric monoidal category to the category of symmetric Frobenius algebras in 
C. 

The following well-known result on 2-dimensional closed TQFTs [4, 6] follows from Corol- 
lary [121 as does the 2-dimensional case of [19]. 

Corollary 4.6. Let C be a symmetric monoidal category. The category of closed TQFTs in C is 
equivalent as a symmetric monoidal category to the category of commutative Frobenius algebras 
in C. 

Corollary 4.7. Let C be a monoidal category. The category of planar open topological quantum 
field theories in C is equivalent to the category of Frobenius algebras in C. 

5 Boundary labels 

In this section, we generalize the results on knowledgeable Frobenius algebras and on open-closed 
cobordisms to free boundaries labeled with elements of some set S. The proofs of these results are 
very similar to the unlabeled case, and so we state only the results. 

Definition 5.1. Let S* be a set. An S-coloured knowledgeable Frobenius algebra 

K}aeS''^'{*4a65'{<}a6s) (^-l) 

in some symmetric monoidal category (C, 0, 1, a, A, p, t) consists of, 

• a commutative Frobenius algebra object (C, fj,, rj, A, e) in C, 

• a family of objects Aab of C, a, 6 G S, 

• famiheS of morphisms jlabc- Aab ^ Abe Aac, r]a: 1 Aaa, Aabc- Aac — > Aab ® Abe, 

: Aaa 1, la- C ^ Aaa and z* : Aaa — >■ C of C for all a, 6, c e S such that the following 
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conditions are satisfied for all a, b,c,d^ S: 

fJ-abd° ("fiA^t ^J.bcd) ° aA^t.Aba:A,d = ^J■acd O {^J'abc (E) idA^J , (5.2) 

Maah O (»7aa ® idA„ J = A^^^, (5-3) 

Mahb O (idyl^i, ® '7bb) P^ab: (5-4) 

aA<.6,A6,,A,d ° (Aq6c id^.J O Aacd = (idyl^t ® Abed) O Aafcd, (5.5) 

(Saa idA„ J o Aaab = A;^;^^ , (5.6) 

(id^^i, ® £6b) o Aafcb = /O^i^j^, (5.7) 

AahdOMacd = (idA^i, ®M6c<i) oaA„6,A6e,A,d O (Aabc'X'idA.d) 

o(idA„, ® Abed), (5.8) 

Eaa O ^„ba = £b6 O A«6afc ° '^A^bAba i (5-9) 

Maaa O («a »a) = «a O (5.10) 

'7aa = ^a°^l^ (5-11) 

Aiaafc O («a ® idA, J = Aiafcb O TA(,(, ,A„6 ° (*b idyl„ J , (5-12) 

e O fl O {idc (E) i*a) = £aa O Maaa ° («a fXl idA„„), (5.13) 

la Oil = ^^aba ° TA^a,A^t ° ^bab- (5.14) 



It is easy to see that the notion of an S'-coloured knowledgeable Frobenius algebra precisely 
models the topological relations of Proposition 13.101 for all possible ways of labeling the free 
boundaries with elements of the set S. The following consequences of this definition are not 
difficult to see from the diagrams of Proposition 13. 101 

Corollary 5.2. Let {{Aab}, {l^abc}, {Va}, {A^bc}, {ca}, C, {iq}, {«*}) be an S'-coloured knowledge- 
able Frobenius algebra in some symmetric monoidal category C. 

1. Each Aab, a,b & S, is a, rigid object of C whose left- and right-dual is given by A^a- 

2. Each Aaai a € S, forms a symmetric Frobenius algebra object in C. 

3. Each la'. C —^ Aaai CL ^ S, forms a homomorphism of algebras in C. 

4. Each i* : Aaa — > C, a G 5, forms a homomorphism of coalgebras in C. 

5. Each Aab forms an vlaa-left-^bfj-right-bimodulc in C. 

6. Each Aab forms an vlaa-left-^bfj-right-bicomodule in C. 
Definition 5.3. A homomorphism 

f ■ {{Aab},{fJ-abc}AVa},{'^abc},{'^a},C,{ta},{C}) 

- ({Kb}, {^^'abc}, Wa}, {Kbch C, {O, {<}) (5.15) 

of 5-coloured knowledgeable Frobenius algebras is a pair / — {{fab}abes,fc) consisting of a 
homomorphism of Frobenius algebras fc - C ^ C and a family of morphisms fab- Aab ~* ^abi 
a,b G S that satisfy the following conditions for all a,b,c d S: 



IJ-'abc ° {fab ® he) 


— fac ^ (-^abc-) 


(5.16) 


^a 


^ faa ^ Va-) 


(5.17) 


Kbc ° fac 


= {fab ® fbc) O Aabc, 


(5.18) 


e'a ° faa 


— 7 


(5.19) 


^'a°fc 


— faa ^ 


(5.20) 


/ * r 

1'a Jaa 


= /C0«a- 


(5.21) 
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Definition 5.4. By K-Frob^^^(C) we denote the category of S'-coloured knowledgeable Frobenius 
algebras in some symmetric monoidal category C and their homomorphisms. 

Definition 5.5. The category of open-closed TQFTs in some symmetric monoidal category C 
with free boundary labels in some set 5" is the category 

0C-TQFT('^^(C) := Symm-Mon(2Cob'=''* (S'),C). (5.22) 

In the S'-coloured case, the correspondence between the algebraic and the topological category 
of Corollary 14.31 generalizes to the following result. 

Theorem 5.6. Let S be some set and C be a symmetric monoidal category. The categories 
K-Frob^"^-* (C) and OC-TQFT^'^-'(C) are equivalent as symmetric monoidal categories. 

One can verify [20] that the groupoid algebra of a finite groupoid gives rise to an S-coloured 
knowledgeable Frobenius algebra for which S is the set of objects of the groupoid. 

6 Conclusion 

In this paper, we have extended the results of classical cobordism theory to the context of 2- 
dimensional open-closed cobordisms. Using manifolds with faces with a particular global structure, 
rather than the full generality of manifolds with corners, we have defined an appropriate category 
of open-closed cobordisms. Using a generalization of Morse theory to manifolds with corners, we 
have found a characterization of this category in terms of generators and relations. In order to 
prove the sufficiency of the relations, we have explicitly constructed the diffeomorphism between 
an arbitrary cobordism and a normal form which is characterized by topological invariants. 

All of the technology outlined above is defined for manifolds with faces of arbitrary dimension. 
Thus, our work suggests a natural framework for studying extended topological quantum field 
theories in dimensions three and four. Using 3-manifolds or 4-manifolds with faces, one can imagine 
defining a category (most likely higher-category) of extended three or four dimensional cobordisms. 
In both cases, gluing will produce well defined composition operations using the existing technology 
for manifolds with faces. One could then extract a list of generating cobordisms, again using a 
suitable generalization of Morse theory. 

The main difficulty in obtaining a complete generators and relations description of these higher- 
dimensional extended cobordism categories is the lack of general theory producing the relations. 
Specifically, the handlebody theory for manifolds with boundaries and corners is not as advanced 
as the standard Morse theory for closed manifolds. For the 2-dimensional case, we were able to 
use relations previously proposed in the literature and to show the sufficiency of these relations 
by finding the appropriate normal form for 2-dimensional open-closed cobordisms. Our induction 
proof shows that the proposed relations are in fact necessary and sufficient to reduce an arbitrary 
open-closed cobordism to the normal form. To extend these results to higher-dimensions, it is 
expected that a more sophisticated procedure will be required, most likely involving a handlebody 
theory for manifolds with faces. 

We close by commenting on a different approach to TQFTs with corners. In the literature, 
for example [27], extended TQFTs are often defined for manifolds with corners in which the basic 
building blocks have the shape of bigons [27] with only one sort of boundary along which one can 
always glue. This is a special case of our definition which is obtained if every coloured boundary 
between two corners is shrunk until it disappears and there is a single corner left that now separates 
two black boundaries. 
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A Symmetric monoidal categories 

In this appendix, we collect some key definitions for easier reference. 

Definition A.l. Let (C, 0, 1, a, A, p) and (C, (g), 1', a', A', p') be monoidal categories. A monoidal 

functor tp: C ^ C is a. triple tp = ('^i V'2) V'o) consisting of, 

• a functor C ^ C, 

• a natural isomorphism tjj2' '4>{X) (8) ipiY) 'il){X ® Y), where for brevity we suppress the 
subscripts indicating the dependence of this isomorphism on X and Y, and 

• an isomorphism iJjq: 1' ^ "(/"(l), 

such that the following diagrams commute for all objects X,Y,Z & C: 

■4'2 



(V-W v(^)) o V(^) ■ 



^(x (8) y) (8) v(^) 



-^i^(X)(g)'iP{Y ^ Z) 



'4>(ax,Y,z) 

i}{X ® {Y ® Z)) 



(A.1) 



^X) (g) 1' - 



'/'(Ax) 



(A.2) 



■02 



(A.3) 



V'(X)(8>v(i)-^V'(^® 1) 

The monoidal functor is called strict if 1^2 and V'o are identities. 

Definition A.2. Let (C, (g), 1, a. A, p, r) and (C, (g), 1',Q!',A',p',t') be symmetric monoidal cate- 
gories. A symmetric monoidal functor ip: C ^ C' \s a monoidal functor for which the following 
additional diagram commutes for all X,Y ^C: 



^{X) (g 

ij{X®Y) 



> i}{Y) (g) 

V'2 



V(r) 



(A.4) 



^■,{j{Y®X) 



Definition A.3. Let (C, (g, 1, a. A, p) and (C, ®, 1', a', A', p') be monoidal categories and tp - C ^ 
C and ip' : C ^ C he monoidal functors. A monoidal natural transformation tp: tp tp' is a 
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natural transformation such that for aU objects X,Y of C, the foUowing diagrams commute, 

1' 



V'2 



^"2 



and 



4'o 




(A.5) 



Definition A. 4. Let C be a small symmetric monoidal category and let C be an arbitrary sym- 
metric monoidal category. We denote by Symm-Mon(C, C) the category of symmetric monoidal 
functors C — > C and monoidal natural transformations between them. It is clear that the tensor 
product of symmetric monoidal functors and monoidal natural transformations defines a symmet- 
ric monoidal structure on the category Symm-Mon(C, C). 

Definition A.5. Let C and C be monoidal categories. We say that C and C are equivalent as 
monoidal categories if there is an equivalence of categories C ~ C' given by functors F : C ^ C 
and G: C ^ C and natural isomorphisms "q: \c ^ GF and e: FG Ic such that both F and G 
are monoidal functors and rj and e are monoidal natural transformations. 

If C and C are symmetric monoidal categories, we say that they are equivalent as symmetric 
monoidal categories if in addition F and G are symmetric monoidal functors. 
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